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ABSTRACT
This supplemental material describes a hindsight regarding the paper on the stream function solver for liquid simula-
tion1. We clarify that our method requires future research for properly handling cases where non-negligible harmonic
vector fields exist. In accordance with our hindsight, we hereby negate the algorithmic note in the original paper (Fig-
ure 1, highlighted in yellow). The detail and an example are provided below. Note that this issue is specific to our
method and does not apply for a single-phased fluid2.

Figure 1. Algorithmic note regarding handling cases where harmonic vector fields in the original paper, found in the last paragraph of Section 3. We
illustrate an example that such a projection method does not correctly solve the motion on some cases illustrated below. Note that this problem is only
specific to liquid with finite air density approaching zero (but not exactly zero). For smoke such an issue does not exist.

1 EXAMPLE
1.1 Setup
As a comprehensive toy example, suppose that two spherical liquid droplets are initialized both at the top and the bot-
tom in an annular container (Figure 2). In doing so, we consider two cases: liquid droplets are large enough to block
the air flow in the channel (Figure 2 left) and small enough so that the air can go though around the droplets (Figure 2
right). Note that for both cases the velocity of the droplet on the top has a positive horizontal velocity as illustrated.
In this setting, a single harmonic vector field circulating in the tube is found.

1.2 Expected motion (Ground truth)
In case of Figure 2 left, the liquid pushes the incompressible air on the right side, so that air also pushes the liquid on
the bottom, resulting in acceleration of the bottom liquid. In case of Figure 2 right, air circumvents around the top
liquid, and as such the bottom liquid stays still.

1.3 Simulated motion (Results)
The projection method suggested in the original paper (Figure 1) can be performed either per-component or globally.
Per-component indicates that we perform projection independently per topologically disconnected liquid. Global indi-
cates that projection is performed together for all the disconnected liquids. We will review only the the latter case in
this note. Although we do not examine here, the former case also produces the same result.
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Figure 2. An example.

1.4 Algorithm Overview
The overview of our projection in the original paper is outlined below

1. For each harmonic vector field Φi(x), compute the dot-product with the velocity field

αi =

∫
Φi(x) · u(x)dV. Equation 1.

2. Subtract it from the velocity field u?(x) = u(x) −
∑

i αiΦi(x).

3. Let P (·) be a projection operator using a stream function solve. Project u?(x) and recover the harmonic compo-
nents, that is

unew(x) = P (u?(x)) +
∑
i

αiΦi(x). Equation 2.

If we apply our projection method, we obtain a single non-zero alpha coefficient. Hence, the u? on the bottom will
have a non-zero velocity. Since the harmonic vector fields are divergence-free by construction, our projection operator
has no effect on the bottom liquid. Consequently, the velocity on the bottom unew will be recovered to zero. There-
fore, our projection method does not correctly handle the case of Figure 2 left.

1.5 Discussion
We have not yet found an algorithmically consistent solution to correctly handle arbitrary cases. At the moment, our
method1 cannot guarantee physically accurate animations in the presence of non-trivial harmonic vector fields. We be-
lieve the problem boils down to an unclear definition of the projection operation at the liquid-gas interface. As the pro-
jection operation is well-defined for incompressible fluid with variable density, we hope that a more careful projection
operation that takes into account both the gas and liquid phases will be able to resolve the issue with general multi-
phase fluids in the future.
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